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Abstract

Let X be a Banach Space, we consider the relationship between the

weakly convergent sequence coefficient ( )XWCS  and some well known

moduli and parameters, and get some sufficient conditions for normal

structure in this paper, which generalized Gao’s some results, moreover

some of which also imply the existence of fixed point for multivalued

nonexpansive mappings.

1. Introduction

We shall assume throughout this paper that X  and ∗X  stand for

Banach space and its dual space, respectively. By XS and XB  we denote

the unit sphere and unit ball of Banach space X, respectively. The
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number ( ) { }{ }DxDyyxDr ∈∈−= ::supinf  is called Chebyshev

radius of D. The number { }DyxyxD ∈−= ,:supdiam  is called

diameter of D. A Banach space X has normal structure provided

( ) DDr diam<  for every bounded closed convex subset D of X with

.0diam >D  When the above inequality holds for every weakly compact

convex subset D of X, X is said to have weak normal structure. A Banach

space X is said to have uniform normal structure if there exists 10 << c
such that ( ) DcDr diam⋅<  for any closed bounded convex subset D of X

that contains more than one point.

It is well known that weak normal structure and normal structure
play an important role in metric fixed point theory for nonexpansive
mappings. Since it was proved that Banach spaces with weak normal
structure have the weak fixed point property for nonexpansive mappings
in [13], many geometrical properties of Banach spaces implying weak
normal structure or normal structure have been studied.

The weakly convergent sequence coefficient ( )XWCS  (see [1]) of X is

defined as follows: ( ) { },liminf mnmn xxXWCS −= ≠  where the infimum

is taken over all weakly null sequences { }nx  in X such that

1lim =∞→ nn x  and mnmnmn xx −≠∞→ ,,lim  exists. It is known that

( ) 1>XWCS implies X has weak uniform normal structure (see [1]).

The modulus of convexity of X [3] is a function ( ) [ ] [ ]1,02,0: →εδX

defined by

( ) .,,:
2

1inf






 ε≥−∈

+
−=εδ yxSyxyx

XX

The function ( )εδX  strictly increasing on ( )[ ],2,0 Xε  here

( ) ( ){ }0:sup =εδε=ε Xo X   is the characteristic of convexity of X, and the

space is called uniform nonsquare if ( ) 2<ε Xo  (see [12]).

The WORTH-property was introduced by Sims in [19] as following. A

Banach space X has the WORTH-property if

0lim =−−+
∞→

xxxx nnn



ON SOME PARAMETERS AND THE FIXED POINT … 185

for all Xx ∈ and all weakly null sequences ( ).nx  In [20] the author

defined the coefficient of weak orthogonality, which measures the degree

of WORTH-whileness by

( ) ,infliminflim:sup






 −

∞→
≤+λλ=ω

∞→
xxnxxX nnn

where the supremum is taken over all Xx ∈ and all weakly null

sequences ( ).nx  Furthermore the lim inf can be replaced by lim sup. It is

proved that ( ) ,1
3
1 ≤ω≤ X

 
and a Banach space has WORTH-property if

and only if ( ) .1=ω X

The following result regarding the relationship between normal

structure and the modulus of convexity of X and ( )Xω  was proved in [6].

Theorem 1. For a Banach space X, if ( )( ) ( ),11 XXX ω−>ω+δ  then

X has normal structure. Furthermore for a superreflexive Banach space X,

if ( )( ) ( ),11 XXX ω−>ω+δ  then X has uniform normal structure.

The modulus of smoothness [16] of X is the function ( )tXρ  defined by

( ) .,:1
2

sup






 ∈−

−++
=ρ XX Syxtyxtyxt

The following result regarding the relationship between normal

structure and the modulus of smoothness of X and ( )Xω was proved in

[6]:

Theorem 2. For a Banach space X, if ( ) ( )
2

13 −ω
<ρ

tXtX  and

( ) ,1≤ω Xt  then X has normal structure. Furthermore for a superreflexive

Banach space X, if ( ) ( )
2

13 −ω
<ρ

tXtX  and ( ) ,1≤ω Xt  then X has uniform

normal structure.

Milman’s modulus ( )tXβ  [18] is defined by

( ) { }{ }.,:1,minsup XX Syxtyxtyxt ∈−−+=β
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For any ,0≥t we put

( ) ( ) .1, +β= tXtJ X

The James constant ( )XJ  is the case of .1=t  Gao proved the following

result.

Theorem 3. For a Banach space X, if ( ) ( ),2 XXJ ω<  then X has

normal structure. Furthermore for a superreflexive Banach space X, if
( ) ( ),2 XXJ ω<  then X has uniform normal structure (see [6]).

The parameter ( ) { },,:sup, 22
XSyxtyxtyxXtE ∈−++=

( )10 ≤< t  was introduced by Gao in [7]. He proved that if

( ) ( ) ,12, 2tXtE +< then X is uniform non-square. The constant ( )XE  in

[8] is the case of .1=t  The von Neumanu-Jordan constant was

introduced by Clarkson in [2]. An equivalent definition of the NJ constant

is found in [12] , that is

( )
( )

.,:
2

sup
22

22













∈∈
+

−++
= XXNJ BySx

yx
yxyxXC

It is well known that

Theorem 4. For a Banach space X, if ( ) ( ) ( )( ) ,521 2XXXE ω+ω+<

then X has normal structure. Furthermore for a superreflerive Banach

space X, if ( ) ( ) ( )( ) ,521 2XXXE ω+ω+<  then X has uniform normal

structure (see [6]).

In this paper, we discuss the relationships between ( )XWCS  and

( ) ( ) ( )XtEXXtJ ,,,, ω  and get some sufficient conditions for normal

structure, which improved the Gao’s result in [6]. Moreover we show that
these conditions imply the existence of fixed point for multivalued
nonexpansive mappings.

2. The Relationship Between ( )XWCS  and ( ) ( ) ( )XtEXXtJ ,,,, ω

Lemma 5 [17, Lemma 9]. Let X be a Banach space. If ( )nx  is a
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weakly null sequence in XS  such that dxx mnmnmn :lim ,, =−≠∞→

exists, then there exist weakly null sequences ( )nu  and ( )nω  in ( )nX fS ,

and ( )ng  in ∗XS  for which

( ) ( ) andduguf nnnnnn
,1limlim ==−

∞→∞→

{ ( ) ( )} ( ) ,1lim,limmin Xdwgwf nnnnnn µ
≥

∞→∞→

where ( )Xµ  is the infimum of the set real numbers 0>r  such that

n
n

n
n

xxrxx −≤+ suplimsuplim

for all Xx ∈  and all weakly null sequences ( )nx  in X (see [11]).

Obviously ( ) ( ) .1
XX

µ
=ω

Theorem 6. Let X be a Banach space. Then the inequality

( ) ( )( )
( ) 











≤<ω+≥ 10:
,

12
sup

2
2 tXtE

XtXWCS  holds.

Proof. Let ( )nx  be a weakly null sequence in XS  such that

dxx mnmnmn :lim ,, =−≠∞→  exists.

By the Lemma 5, there exist weakly null sequences ( )nu  and ( )nw  in

,XS ( )nf  and ( )ng  in ∗XS  for which

( ) ( ) and,1limlim duguf nnnnnn
==−

∞→∞→

{ ( ) ( )} ( )
.lim,limmin d

Xwgwf nnnnnn
ω≥

∞→∞→

Let .10 ≤< t  Since ( ) ( )nnnnnn wtgugtwu +≥+  and ntw−nu

( ) ( )nnnn wtfuf +−≥  for each ,N∈n  we have the following inequality

{ ,inflimmin nnn
twu +

∞→
 } ( )( ).11inflim Xtdtwu nnn

ω+≥−
∞→
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Hence the inequality

( ) 22, nnnn twutwuXtE −++≥

for each ,1≥n that is,

( ) ( )( )
2

212
,

d
XtXtE ω+≥

or equivalently

( )( )
( ) .

,
12 2

2
XtE
Xtd ω+≥

By the definition of ( ),XWCS  we conclude

( ) ( )( )
( ) .10:

,
12

sup
2

2













≤<ω+≥ tXtE
XtXWCS

Corollary 7. Let X be Banach space. If there exist 10 ≤< t such that

( ) ( )( ) ,12, 2XtXtE ω+<

then X has normal structure.

Proof. It is easy to know that the inequality ( ) ( )212, tXtE +<

implies the space X is uniform nonsquare, then X is superreflexive. It is

sufficient to prove that ( ) .1>XWCS  By the hypothesis there exists

10 ≤< t  such that ( ) ( )( ) ,12, 2XtXtE ω+<  Then we have

( ) ( )( )
( ) .110:

,
12

sup
2

2 >












≤<ω+≥ tXtE
XtXWCS

Thanks to Theorem 6.

Remark 8. In fact for a superreflexive Banach space X~ , if X is a

ultrapower of X, then ( ) ( )XEXE ~=  and ( ) ( )XX ~ω=ω  ([6]), in particular

( ) ( ( )) ,
~

12
~ 2XXE ω+<  then X has normal structure by Corollary 7,

consequently X has uniform normal structure and

( )( ) ( ) ( )( ) ( )( ) ( ) )( .13152112 22 +ωω−=ω−ω−−ω+ XXXXX
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It is well known that ( ) ,1
3
1 ≤ω≤ X

 
so we have ( )( )Xω−1

( )( ) 013 >+ω X  whenever ( ) ,1<ω X  which is strict generalization of

Theorem 4.

Theorem 9. Let  X  be a Banach  space. We have the following
inequality

( ) ( ) ( ( ) )
( ) 











≤<∗
ω++

≥ 10:
,
11

sup
22

2 tXtE
XtXWCS  holds.

Proof. Let ( )nx  be a weakly null sequence in XS  such that

dxx mnmnmn :lim ,, =−≠∞→ exists.

By the Lemma 5, there exist weakly null sequences ( )nu  and ( )nw  in

XS  and ( )nf and ( )ng  in ∗XS for which

( ) ( ) duguf nnnnnn
1limlim ==−

∞→∞→
 and

{ ( ) ( )} ( )
d
Xwgwf nnnnnn

ω≥
∞→∞→

lim,limmin

Let .10 ≤< t  Then ( ) ( )nnnnnn utguftgf +−≥−  and nn tgf +

( ) ( ),nnnn wtgwf +≥  for each .1≥n  So we have

d
ttgf nnn

+≥−
∞→

1inflim

and

( ) ( )
.

1
inflim d

Xttgf nnn
ω+

≥+
∞→

Since

( ) ,, 22
nnnn tgftgfXtE −++≥∗

we obtain the following inequality

( ) ( ) ( ( ) )
2

22 11
,

d
XtXtE ω++

≥∗  holds
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or equivalently

( ) ( ( ) )
( )

.
,

11 22
2

∗
ω++

≥
XtE

Xtd

Hence, ( ) ( ) ( ( ) )
( )

.10:
,

11
sup

22
2













≤<
ω++

≥
∗

t
XtE

XtXWCS

Corollary 10. Let X be a Banach space. If there exist 10 ≤< t such
that

( ) ( ) ( ( ) ),11, 22 XtXtE ω++<∗

then X has normal structure. In particular if ( ) ( ( ) ),14 2XXE ω+<∗  then

X has normal structure.

Proof. First we have ( ) ( )212, tXtE +<∗  thanks to ( ) ,1≤ω X

therefore ∗X  is uniform nonsquare, then X is uniform nonsquare, so X is

reflexive. It is sufficient to prove that ( ) .1>XWCS

By the hypothesis there exists 10 ≤< t  such that ( )∗XtE ,

( ) ( ( ) ),11 22 Xt ω++<  by Theorem 9,

( ) ( ) ( ( ) )
( )

.110:
,

11
sup

22
2 >













≤<
ω++

≥
∗

t
XtE

XtXWCS

Corollary 11. Let X be a Banach space. If ( ) ( )21 XXCNJ ω+<  then

X  has normal structure (see [11]).

Proof. We get that X is reflexive by ( ) ( ) .21 2 ≤ω+< XXCNJ  We

have known that ( ) ( )∗ω=ω XX  in reflexive Banach space (see [11]) and

( ) ( )∗= XCXC NJNJ  in any Banach space. Therefore the hypothesis

( ) ( )21 XXCNJ ω+<  is equivalent to ( ) ( ) .1 2XXCNJ ω+<∗  We know

that ( ) ( ),4 ∗∗ ≤ XCXE NJ  then X has normal structure by Corollary 10.
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Theorem 12.  Let X be Banach space. Then

( ) ( )
( ) ,0:

,
1

sup






 >ω+≥ tXtJ

XtXWCS

Proof. Let ( )nx  be a weak null sequence in XS  such that

dxx mnmnmn :lim ,, =−≠∞→  exists. Let .0>t  Then repeating the

arguments in the proof of Theorem 6, we find two sequences  ( )nu  and

( )nw  in ,XB  such that

{ } ( )( ),11inflim,inflimmin Xtdtwutwu nnnnn
n

ω+≥−+
∞→∞→

by the definition of ( ),, XtJ  we obtain

( ) ( )( ),11, XtdXtJ ω+≥

that is

( )
( ) .

,
1

XtJ
Xtd ω+≥

We get the conclusion by the definition of ( ).XWCS

Corollary 13. Let X is a Banach space. If there exists 0>t such that

( ) ( ),1, XtXtJ ω+<

then X has normal structure. In particular if 10 ≤< t  and
( ) ( ),1, XtXtJ ω+<  then X has uniform normal structure. (Note that

( ) ( )XtJXtJ ~
,, =  whenever ).10 ≤< t

Remark 14. (1) We have known that if ( ) ( ),1 XXJ ω+<  then X has

normal structure (see [11]), actually we can prove X has uniform normal

structure by ultrapower as Remark 8, and

( ) ( ) ( ) ,0121 >ω−=ω−ω+ XXX

whenever ( ) ,1<ω X  which is strict generalization of Theorem 3.
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(2) Obciously ( ) ( )tXtJ Xρ+≤ 1,  from the definition, we have if there

exists ( ) ( ),,10 Xttt X ω<ρ≤<  then X has uniform normal structure by

Corollary 13.  And ( ) ( ) ( )
,0

2
1

2
13 >ω−=−ω−ω XttXXt  when ( ) .1<ω Xt

In fact there exist Banach space X such that ( ) ,1<ω Xt  such as the Bynum

space ,1,2l  it is known that ( )
2
2

1,2 =ω l  (see [11]). We have ( ) ,1<ω Xt

when .2<t  So Corollary 13 is strict generalization of Theorem 2.

3. Some Geometric Conditions Which Imply the Fixed Point
for Multivalued Nonexpansive Mappings

First we are going to recall some concepts and results which will be

used in the this section. Let X be a Banach space and C be a nonempty

subset of X. We shall denote by ( )XCB  the family of all nonempty closed

bounded subsets of X and by ( )XKC  the family of all nonempty compact

convex subsets of X. A multivalued mapping ( )XCBCT →:  is said to

be nonexpansive if

( ) ,,,, CyxyxTyTxH ∈−≤

where ( )⋅⋅ ,H  denotes the Hausdorff metric on ( )XCB  defined by

( ) { } ( ).,,infsup,infsupmax:,
,,

XCBBAyxyxBAH
AxByByAx

∈−−=
∈∈∈∈

Let { }nx  be a bounded sequence in X. The asymptotic radius

{ }( )nxCr ,  and the asymptotic center { }( )nxCA ,  of { }nx  in C are defined

by

{ }( )






 ∈−= CxxxxCr n

n
n :supliminf,

and

{ }( ) { }( ) ,,suplim:,






 =−∈= nn

n
n xCrxxCxxCA

respectively. It is known that { }( )nxCA ,  is a nonempty weakly compact

convex set whenever C  is.
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The sequence { }nx  is called regular with respect to C if

( { }) ( { })inn xCrxCr ,, =  for all subseqences { }inx
 
of { },nx  and { }nx  is called

asymptotically uniform with respect to C  if ( { }) ( { })inn xCAxCA ,, =  for

all subsequences { }inx  of { }.nx

Lemma 15.

(i) (Goebel [9], Lim [15]) There always exists a subsequence of { }nx

which is regular with respect to C.

(ii) (Kirk [14]) If C is separable, then { }nx  contains a subsequence

which is asymptotically uniform with respect to C.

If D is a bounded subset of X, the Chebyshev radius of D relative to C
is defined

( ) .supinf yxDr
DyCxC −=

∈∈

In 2006 Dhompongsa et al. [4] introduced the Domínguez-Lorenzo

condition in the following way. A Banach space X is said to satisfy the

Dominguez-Lorenzo condition ((DL)-condition, in short) if there exists

)1,0[∈λ  such that for every weakly compact convex subset C of X and

for every bounded sequence { }nx  in C which is regular with respect to C,

( ( { })) ( { }).,, nnC xCrxCAr λ≤

The (DL)-condition implies weak normal structure (see[4]). The (DL)-
condition also implies the existence of fixed points for multivalued
nonexpansive mappings.

Theorem 16 (See [5, Theorem 1]). Let C be a nonempty weakly
compact convex subset of a Banach space X which satisfies the (DL)-

condition. Let  ( )CKCCT →:  be a nonexpansive mapping, then T has a

fixed point.

Theorem 17. Let C be weakly compact convex subset of a Banach
space X and { }nxlet  be a bounded sequence in C regular with respect to

C. Then for every ( ,]1,0∈t
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{ }( )( ) ( )
( )( )

{ }( ).,
12

,
, nnC xCr

Xt
XtExCAr
ω+

≤

Proof. Denote { }( )nxCrr ,=  and { }( )., nxCAA =  We can assume

.0>r  By passing to a subsequencee if necessary, we can also assume

that { }nx  is weakly convergent to a point .Cx ∈  Since { }nx  is regular

with respect to C, passing through a subsequence does not have any effect

to the asymptotic radius of the whole sequence { }.nx

Let ,Az ∈  then .suplim rzxnn =−  Denote ( ).Xω=ω  By the

definition of ωwe have

( ) ( )xzxxzxx nn
n

−+−ω=+−ω suplim2suplim

( ) ( ) .suplim rxzxxn
n

=−−−≤

Convexity of C implies that Czt
txt ∈
ω+
ω−+

ω+
ω

1
1

1
2  and thus we

obtain

.
1
1

1
2suplim rzt

txt
txn

n
≥







ω+
ω−+

ω+
ω−

On the other hand, by the weak lower semicontinuity of the norm, we
have

( ) ( ) ( ) ( ) ( ) .111inflim xztxztxxt nn
−ω+≥−ω+−−ω−

For every 0>ε  there exists N∈N  such that

(1) .ε+<− rzxN

(2) ( ).12 ε+
ω

≤+− rzxxN

(3) .
1
1

1
2 ε−≥







ω+
ω−+

ω+
ω− rzt

txt
txN

(4) ( ) ( ) ( ) ( ) ( ) .111 




 ε−−ω+≥−ω+−−ω− r

rxztxztxxt n
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Note that ( ) XN Bzxru ∈−
ε+

= 1  and ( ) ( )zxxrv N +−
ε+

ω= 2

.XB∈  Using the above estimates we obtain

 

( )
( )

( )
( )ε+

−ω+
ε+
−ω

+
ε+

−−
ε+
−

=+ r
xzt

r
xxt

r
xz

r
xxtvu NN

        ( ) ( ) ( ) ( )xzr
t

rxxr
t

r N −







ε+
ω−

ε+
−−








ε+
ω+

ε+
= 11

 
( ) ( )xzt

txxtr N −
ω+
ω−−−ω+

ε+
=

1
111

 
( ) 







ω+
ω−+

ω+
ω−ω+

ε+
= zt

txt
txtr N 1

1
1

211

 
( )

ε+
ε−ω+≥ r

rt1

and

 
( ) ( )

ε+
−ω−

ε+
−ω

−
ε+

−−
ε+
−

=− r
xzt

r
xxt

r
xz

r
xxtvu NN

 ( ) ( ) ( ) ( )xztxxtr n −ω+−−ω−
ε+

= 111

      ( ) .1
ε+
ε−−

ω+≥ r
r

r
xzt

Thus

( ) 22, tvutvuXtE −++≥

( ) ( )
22

2
2

2 11 






ε+
ε−







 −

ω++






ε+
ε−ω+≥ r

r
r

xztr
rt

( ) .12
22

2







ε+
ε−







 −

ω+≥ r
r

r
xzt
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Since the last inequality is true for every 0>ε  and every ,Az ∈  we

obtain

( ( { })) ( )
( )( )

( { }).,
12

,
, nnC xCr

Xt
XtExCAr
ω+

≤

Corollary 18. Let C be a nonempty bounded closed convex subset of a

Banach space X such that ( ) ( )( )212, XtXtE ω+<  for some ]1,0(∈t  and

( )CKCCT →:  be a nonexpansive mapping. Then T has a fixed point.

Proof.  When ( ) ( )( )212, XtXtE ω+<  for some ,]1,0(∈t  then X

satisfy the (DL)-condition by Theorem 17. So T has a fixed point by

Theorem 16.

Theorem 19. Let C be a weakly compact convex subset of a Banach
space X and let { }nx  be a bounded sequence in C regular with respect to

C. Then for every ],1,0(∈t

{ }( )( ) ( )
( ) { }( ).,

1
,

, nnC xCrXt
XtJxCAr
ω+

≤

Proof. Denote ( { })nxCrr ,=  and ( { })., nxCAA =  We can assume

.0>r  By passing to a subsequence if necessary, we can also assume that

{ }nx  is weakly convergent to a point .Cx ∈  Since { }nx  is regular with

respect to C, passing through a subsequence does not have any effect to

the asymptotic radius of the whole sequence { }.nx

Repeating the arguments in the proof of Theorem 17, we consider

( ) XN Bzxru ∈−
ε+

= 1  and ( ) .2 XN Bzxxrv ∈+−
ε+

ω=  We obtain

{ } ( ) ( )








ε+
ε−−

ω+
ε+
ε−ω+=−+ r

r
r

xztr
rttvutvu 1,1min,min

( ) .1
ε+
ε−−

ω+= r
r

r
xzt
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Thus

( ) ( ) .1,
ε+
ε−−

ω+≥ r
r

r
xztXtJ

The last inequality is true for every .0>ε  So we obtain the desired

inequality.

Corollary 20. Let C be a nonempty bounded closed convex subset of a
Banach space X such that ( ) ( )XtXtJ ω+< 1,  for some ]1,0(∈t  and :T

( )CKCC →  be a nonexpansive mapping. Then T has a fixed point.

Theorem 21 Let C be a weakly compact convex subset of a Banach
space X and { }nx  be a bounded sequence in C regular with respect to C.

Then

{ }( )( ) ( )( )
( ) { }( ).,

1
]11[2

, n
X

nC xCrX
XxCAr

ω+
ω+δ−

≤

Proof. Denote { }( )nxCrr ,=  and { }( )., nxCAA =  We can assume

.0>r  By passing to a subsequence if necessary, we can also assume that

{ }nx  is weakly convergent to a point .Cx ∈  Since { }nx  is regular with

respect to C, passing through a subsequence does not have any effect to

the asymptotic radius of the whole sequence { }.nx

Repeating the arguments in the proof of Theorem 17, for 1=t  we

consider

( ) XN Bzxru ∈−
ε+

= 1   and ( ) .2 XN Bzxxrv ∈+−
ε+

ω=  We obtain

( ) ,1
ε+
ε−ω+≥+ r

rvu

and

( ) .1
ε+
ε−−

ω+≥− r
r

r
xzvu
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From definition of ( ),εδX  and ε  is arbitrary we have

( ) ( )( ) ( )
,

2
1

1
2

1 r
xzXvuvuX

−ω+
−≤

−
−≤+δ

or eqrivalently

{ }( )( ) ( )( )[ ]
( ) { }( ).,

1
112

, n
X

nC xCrX
XxCAr

ω+
ω+δ−

≤

Corollary 22. Let C be a nonempty bounded closed convex subset of a

Banach space X, if ( )( ) ( )( )XXX ω−>ω+δ 1
2
11  and ( )CKCCT →:  be a

nonexpansive mapping. Then T has a fixed point.
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